We established a relation between elliptic Gromov-Witten invariants of a symplectic manifold M and its blowups along smooth curves and surfaces.
General review of gluing formula
The proof of our result is an application of the gluing formula for symplectic cutting developed by Li and Ruan [9] . In algebraic geometry, Li [10] proved a completely analogous degeneration formula of GW invariants. Another symplectic version of the gluing formula of GW-invariants is due to Ionel and Parker [7] .
Suppose that H : M 0 → R is a proper Hamiltonian function such that the Hamiltonian vector field X H generates a circle action, where M 0 ⊂ M is an open domain. By adding a constant, we may assume that 0 is a regular value. Then, H −1 (0) is a smooth submanifold preserved by the circle action. The quotient Z = H −1 (0)/S 1 is the famous symplectic reduction. Namely, it has an induced symplectic structure. We can cut M along H −1 (0). Suppose that we obtain two disjoint components M ± which have the boundary H −1 (0). We can collapse the S 1 -action on H −1 (0) to obtain M ± containing a real codimension two submanifold Z = H −1 (0)/S 1 , see [9, Section 2 and pages 156-157] for details. There is a map
whereM + ∪ ZM − is the union ofM ± along Z. To formulate the gluing formula, we need the terminology of relative GW invariants. Here, we copy the definition of [9, Section 4 and page 157]. We define a relative GW invariant Ψ (M,Z) by counting the number of relative stable holomorphic maps intersecting Z at finitely many points with prescribed tangency. Let T m = (t 1 ,...,t m ) be a set of nonnegative integers such that i t i = Z * (A), where Z * is the Poincare dual of Z and A ∈ H 2 (M). We order them such that t 1 = ··· = t l = 0 and t i > 0 for i > l. Consider the moduli space ᏹ A (g,T m ) of genus g pseudoholomorphic maps f such that f has marked points (x 1 ,...,x m ) with the property that f is tangent to Z at x i with order t i . Here, t i = 0 means that there is no intersection. Then, we compactify ᏹ A (g,T m ) by ᏹ(g,T m ), the space of relative stable maps. We have evaluation map
for i ≤ l and
for j > l. Roughly, the relative GW-invariants are defined as 
The following gluing formula holds:
where β i δ i, j β j is associated to every intersection with Z and |K |=k 1 
denote the product of relative invariants corresponding to each component.
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Proof of main theorem
Proof of Theorem 1.1. Since C is a smooth curve in M, the normal bundle N C is a symplectic vector bundle. By symplectic neighborhood theorem, there is a tubular neighborhood ᏺ δ (C) of C which is symplectomorphic to the normal bundle N C . We perform the symplectic cutting as in [5, Section 2.1]. We obtained
From the divisor property, the skew symmetry of GW invariants and our assumptions, if we choose a sufficiently small δ > 0, without loss of generality, we may assume α
Similar to the proof of [5, Theorem 1.2] , by the gluing formula of GW invariant, we first consider the contribution of each component to the GW invariants. Therefore, we consider the gluing component
where K ± = (0,...,0,k 1 ,...,k ν ) with m ± many zeros, respectively. From Proposition 2.1, we have
3)
since g = 1 in our case. We will use the same convention as [5] . We assume that u 
IndD u Since g(C) = g 0 ≥ 2, we have a contradiction. So, our claim is true.
A simple index calculation [5] shows that C 1 [h 
A simple calculation shows, that
here ξ is the class of infinite section in P(N C ⊕ ᏻ) over C. Therefore, from our positive assumption, an intersection multiplicity calculation shows that
In this case, we have
Summarizing the above two cases, from (3.4), we have
(3.8)
Since α
This implies Ψ C = 0 except m − = m. So, we may assume m − = m. We also may assume
Otherwise, Theorem 1.1 follows from the degree reason. Therefore, we have deg α
Therefore, by the definition of relative GW invariants, we have for any β b ∈ H * (Z),
Therefore, Ψ C = 0 except C = {A − ,1,m}. So, now it remains to show that
To prove this, we perform the symplectic cutting forM around the exceptional divisor E. Therefore, we haveM
(3.14)
Now, we use the gluing formula to prove the contribution of stable J-holomorphic curves inM which touch the exceptional divisor E to the GW invariants ofM is zero. We consider the gluing component
Since α 
where C 1 is the first Chern class ofM + . Let V be a complex rank r vector bundle over X, and π : P(V ) → X the corresponding projective bundle. Let ξ V be the first Chern class of the tautological line bundle in P(V ). A simple calculation shows that
Note thatM + = P(N E ⊕ ᏻ) and E = P(N C ). Applying (3.18) toM + and E, we obtain where ξ 1 and ξ are the first Chern classes of the tautological line bundles in P(N C ) and P(N E ⊕ ᏻ), respectively. Here, we denote Chern class and its pullback by the same symbol. It is well known that the normal bundle to E inM is just the tautological bundle on E ∼ = P(N C ). Therefore, C 1 (N E ) = ξ 1 . So, we have
We know thatM is a projective bundle over E with fiber P 1 . Let L be the class of a line in the fiber P 1 and e the class of a line in the fiber P n−2 in E = P(N C ). Denote by [h 
Plugging in (3.17), we have
Therefore,
From the degree reason, we also may assume 
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